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Introduction

A N atmospheric flight vehicle is exposed to air turbulence
that causes time-varying aerodynamic loads. These con-

tinuous-gust loads, amplified by the aeroelastic response of
the vehicle, may result in critical structural design conditions.1
The response of the automatic flight control system to struc-
tural vibrations may also play an important role. Continuous-
gust response is analyzed by aeroservoelastic models that in-
clude unsteady aerodynamic, control, and structural dynamics
effects. The gusts caused by air turbulence are defined in
statistical terms by their power spectral density (PSD) func-
tions and root-mean-square (rms) values.

Classical frequency-domain methods calculate the struc-
tural response by first calculating the response to sinusoidal
gusts, and then the associated response PSD at many fre-
quency points. Numerical integration is then used to calculate
the rms response values. Modern aeroservoelastic modeling
techniques, which are based on constant-coefficient, time-
domain, first-order (state-space) formulation2 originally used
for stability analysis, opened the way for a significantly more
efficient way to analyze continuous gust response. The main
difficulty of the state-space modeling is in the requirement
for approximating the unsteady aerodynamic force coefficient
matrices by rational functions of the Laplace variable. The
resulting model contains aerodynamic states that represent
the time lag in the development of the aerodynamic forces.
The minimum-state (MS) approximation method,3 and the
procedure of physical weighting of the aerodynamic data,4-5

were designed to minimize the number of aerodynamic states
per desired accuracy. The aeroelastic states are augmented
by gust filter states6 in a way that results in a linear system
excited by white noise. A matrix Lyapunov equation is then
solved for the state covariance matrix that yields a direct
solution for the rms responses.

The multidisciplinary nature of aeroservoelasticity requires
an integrated approach in the design of modern flight vehi-
cles.7'8 A work was conducted to extend the MS analysis and
the sensitivity derivatives of Ref. 8 to include continuous-gust
response of realistic cases. Key equations and selected results
are given in this Note.
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State-Space Equations of Motion
The most general rational approximation of the tabulated

aerodynamic force coefficient (AFC) matrix [Q(jk)} =
[Q,(Jk)Qe(Jk)Qg(jk)] is3

(1)

[A0] + [A:]jk + [A2](jkY

+ [D](jk[I] - [*])-'[£]/*

where k is the reduced frequency a>b/V, where a> is the fre-
quency of oscillations, b is a reference semichord, and V is
the true airspeed. [R] is a diagonal matrix of negative aero-
dynamic roots representing the time lag in the development
of the unsteady aerodynamic forces. The approximation coef-
ficient matrices, [A0], [A^, [A2], and [E], can be column-
partitioned (as [Q(jk)]) with the subscripts s, c, and g relating
to structural, control, and gust columns, respectively. It can
be shown9 that all the commonly used rational-function ap-
proximations of the unsteady aerodynamics can be brought
to the form of Eq. (1). In all these procedures, some of the
matrix coefficients in Eq. (1) are predetermined or con-
strained, and the others are used as free approximation var-
iables in least-square procedures that fit the tabulated AFC
matrices. The MS method used in this work is the only one
that uses both [D] and [E] of Eq. (1) as free approximation
variables, which results in a nonlinear weighted least-square
problem, but yields a minimal approximation order per de-
sired accuracy. The steady part of Q(jk) in Eq. (1) is con-
strained to match the steady tabulated data, namely [A0] =
[6(0)]. An imaginary-part data match constraint at a selected
tabulated kg is used to define [A^. A real-part data match
constraint at a selected tabulated kf is used to define [A2]9
except for the gust column in [A2] that is constrained to {Ag2}
= {0} to avoid a wg term in the time-domain model below.

The rational approximation is extended to the entire La-
place domain by replacing jk in Eq. (1) by sb/V. The resulting
time-domain, state-space, closed-loop aeroservoelastic equa-
tion of motion is

= [Ap]{Xp} (2)

where the state vector {xp} includes modal structural displace-
ments and velocities, aerodynamic lag states, and control states.
The input vector is {wp} = [wgWg\T, where wg is the gust
velocity amplitude. The coefficient matrices in Eq. (2) are
detailed in Refs. 4 and 9.

The outputs of the aeroelastic system are expressed by

{yp} = [Cp]{Xp] + (3)

where structural displacements and velocities, and mode-dis-
placement loads are expressed as functions of the states only,
namely with [Dw ] = [0]. Structural accelerations, and accel-
eration-dependent summation-of-forces loads have a nonzero
[DWp].

In order to facilitate the usage of Lyapunov equations for
direct rms response solutions, it is desired to transform the
gust-excited aeroservoelastic Eq. (2) into an equivalent one
that is excited by white noise. This is achieved by designing
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a gust filter Tg(s) that, when excited by white noise, produces
an output with the desired gust PSD.6 A general state-space
realization of such filter is

{xg} = [Ag]{xg}
{yg} = [cg]{xg}

{Bg}w
(4)

where the output {yg} is the gust input {wp} in Eq. (2), and
w is a white-noise signal. Since the PSD functions of wg vanish
when a) -» oo, the only term in {Dg} that may be nonzero is
the one associated with wg. Augmentation of the gust states,
{xg} of Eq. (4) to the aeroservoelastic states, {jĉ } of Eq. (2),
yields

{*} = [A]{X] + {Bw}w (5)

where

The output Eq. (3) becomes

{y} = [C]{x} +• {Dw}w (6)

where

[C] = [[Cp] [AJECJ], {/>„} = [D^{DS]

which may have a nonzero noise term when accelerations
appear in the output. Since a white noise does not have a
finite rms value, the acceleration response in this case may
not have a finite rms either. The noise term in Eq. (6) can
be eliminated in two ways: 1) designing the gust filter such
that the order of the denominator is larger than the order of
the numerator by 2 or more; and 2) constraining the aerody-
namic approximation, Eq. (1), to yield a zero gust column in
[Ai], which yields [Dw ]{Dg} = 0. The first way may add an
extra state (as shown below), but it is preferable because the
{Agl} = 0 constraint may cause an inaccurate approximation
of the aerodynamic gust column.

The gust filter suggested in Ref. 6 to represent Dryden's
gust can be described by the transfer function

Tg(s) = wg(s)/w(s) = or^(V3r-1/25 + r-3/2)/(s + r-1)2

(7)
where crw is the rms value of the gust velocity, and where
rg = LgW, where Lg is the scale of turbulence. Since wg is
included in {yg} of Eq. (4), the state-pace realization of this
gust filter would have a nonzero {Dw}. To allow the compu-
tation of acceleration response, Tg(s) is modified by a low-
pass filter

fg(s) = [al(s + a)]Tg(s) (8)

where a is chosen to be well above the maximum natural
frequency taken into account. A state-space realization of
fg(s) is Eq. (4) with

0 1
2r;

0
a

— a
{!>,} = (0}

r-s/2 (1 - 2\/3)T-3/2

The von Karman PSD, which is a nonrational function of
a), can also be approximated by a rational transfer function1

that, with the low-pass filter of Eq. (8), leads also to a state-
space representation with no noise term in the output. With
{Dg} = {0}, [BWp]{Dg] in {Bw} of Eq. (5) is eliminated as well.
Consequently, the only nonzero part of {Bw} is aw , which is
independent of the design variables.

Response and Sensitivity Derivatives
Root-mean-square values of the response parameters are

based on the state covariance matrix [X] = E[{x}{x}T]. When
Eq. (5) is excited by a unit-intensity white noise, [X] satisfies
the matrix Lyapunov equation10

[A][X\ + [X][A\T = ~{BW}{BWY (10)

A unique solution for [X] is obtainable when the real parts
of all the roots of [A] are not zero. Neutral-stability rigid body
modes (such as heave) yield a singular [A], namely a zero
root, at all dynamic pressures. Unless modified by the control
system, the singularity is eliminated by removing the columns
and rows in [A] that are associated with the displacements of
these modes while retaining their velocity states. The Co-
variance matrix associated with {y} of Eq. (6), with zero noise,

[Y] = E[(y}{yY\ = [C\[X\[C\* (11)

The diagonal of [Y] contains the mean-square output response
parameters cr2. Off-diagonal terms in [Y] may be used to
define equal-probability ellipses1 of y, and yj9 which are based
on the autocorrelations Yn and Yy7 and the cross-correlation
coefficient p,7 = Y)y/V Yi/Y},-.

An automated design process with gust response consid-
erations requires the sensitivity derivatives of response pa-
rameters with respect to the design variables. The first step
in obtaining these derivatives is the computation of the de-
rivatives of the system matrices [A] and [C] of Eqs. (5) and
(6). The optimization approach in this work is that of Ref. 8.
The system matrix sensitivity derivatives are formulated in
Ref. 11.

The differentiation of the matrix Lyapunov Eq. (10) with
respect to a design variable p, using d{Bw}/dp = 0, yields
another Lyapunov equation

which can be solved for d[X]/dp. A new solution is required
for each design variable, but they can all be based on the
same decomposition used in solving for [X] by Eq. (10). The
differentiation of Eq. (11) yields the response sensitivity de-
rivatives

(13)

where the diagonal terms, da*/ dp, are usually the only deriv-
atives of interest.

Numerical Example
The numerical example is based on the jet transport model

that was also used as a sample problem HA76C for MSC/
NASTRAN.12 One rigid-body mode (in heave) and 11 elastic
modes are used to represent the structure (23 states). The
control system reads the acceleration response at the wingtip
and drives a trailing-edge control surface through a low-pass
filter and a third-order actuator (4 control states). The gust
filter represents Dryden's gust, Eq. (7) with rg = 3.6 s and
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Fig. 1 Closed-loop wingtip rms acceleration vs control gain.

aw = 1 in./s, premultiplied by the low-pass filter of Eq. (8)
with a = 2640 rad/s, which yields 3 gust states.

Fifteen doublet-lattice unsteady AFC matrices were cal-
culated at Mach 0.62 for k values of 0 to 4.0. The MS aero-
dynamic approximation, Eq. (9), was performed with 4 aero-
dynamic lag terms that yield 4 aerodynamic states. The initial
constraint set was data matched at A: = 0.0 and k = 4.0,
which is well above the frequencies of significant aeroelastic
activity. To evaluate the accuracy of the aerodynamic ap-
proximation in gust-response analysis, PSD functions of the
response were calculated in the frequency domain once with
the "exact" quadratic interpolation of the tabulated AFC ma-
trices via MSC/NASTRAN, and once with the MS approxi-
mated aerodynamics. While the PSD functions of wingtip
acceleration—obtained by the two ways—were in excellent
agreement, the MS wing-root bending-moment exhibited large
errors in the range of 0-0.3 Hz. The errors are related to
inaccuracies in approximating the quasisteady aerodynamics
associated with rigid-body vertical velocity. The problem was
fixed by constraining the approximation to match the imag-
inary data at the lowest nonzero tabulated k = 0.005 instead
of the imaginary-part match at A: = 4. The change had neg-
ligible effects of other results.

Parametric studies were performed at 90% of the open-
loop flutter dynamic pressure to demonstrate gust response
and sensitivity variations with structural and control design
variables. An example is the effect of the preactuator control
gain Gc on the wingtip acceleration response, shown in Fig.
1. The "expected" values in the figure, which are based on
the sensitivity derivatives at the connected points, demon-
strate the accuracy of the sensitivity computations. A separate
analysis indicated 3.0-Hz flutter with Gc = -0.4 x 10~4. It
can be observed in Fig. 1 that the control law is very effective
at low positive gain values. When the gain increases, the
system approaches a 30.4-Hz flutter at Gc = 6.8 x 10~4. The
two flutter bounds are indicated in Fig. 1 by the large sen-
sitivity derivatives at Gc = 0.0 and Gc - 6.7 x 10~4.
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Introduction

V ORTEX wake roll-up is a problem of interest when one
aircraft flies in formation behind another aircraft as in

air-to-air refueling. In this case the following or receiver air-
craft approaches the leading or tanker aircraft from below,
and typically refuels at a position about one span downstream
of the tanker aircraft. A more detailed description of the
approach has been given by Bradley1 for the hose and drogue
method of refueling, and by Hoganson2 for the flying boom
method of refueling. During refueling, the main wing of the
receiver lies below the tanker wake trailing vortices, although
the fin may intersect the tanker wake.

In a previous work, Bloy et al.3~5 investigated both theo-
retically and experimentally the effect of the tanker downwash
and sidewash on the receiver. Relatively simple wake models
were used and it is the purpose of this Note to present results
for a more realistic roll-up model of the wake. There are
numerous other references on vortex roll-up, although many
of these are two-dimensional methods applicable far down-
stream of the wing. For the present case a method that allows
for the effect of the wing bound vortices was required. Also,
it was not considered necessary to correctly model the trailing
vortex viscous core since the flow of interest is that well out-
side the core. The chosen method is similar to that used by
Butter and Hancock6 in which the trailing vortex sheet is
represented by vortex lines shed from the wing trailing edge.
The positions of these vortex lines are then determined by
integrating downstream. Moore7 found that the line vortex
method can produce chaotic motion of the vortices associated
with the very high velocities induced by vortices in close prox-
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